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In the past decades, it was recognized that quantum chaos, which is essential for the emergence of
statistical mechanics and thermodynamics, manifests itself in the effective description of the eigen-
states of chaotic Hamiltonians through random matrix ensembles and the eigenstate thermalization
hypothesis. Standard measures of chaos in quantum many-body systems are level statistics and the
spectral form factor. In this work, we show that the norm of the adiabatic gauge potential, the
generator of adiabatic deformations between eigenstates, serves as a much more sensitive measure
of quantum chaos. We are able to detect transitions from non-ergodic to ergodic behavior at per-
turbation strengths orders of magnitude smaller than those required for standard measures. Using
this alternative probe in two generic classes of spin chains, we show that the chaotic threshold de-
creases exponentially with system size and that one can immediately detect integrability-breaking
(chaotic) perturbations by analyzing infinitesimal perturbations even at the integrable point. In
some cases, small integrability-breaking is shown to lead to anomalously slow relaxation of the
system, exponentially long in system size.
I. INTRODUCTION
Finding signatures of chaos in the quantum world has
been a long-standing puzzle [1–3]. In the last few years
exciting progress has been made on characterizing the ef-
fects of chaos on dynamical properties of quantum many-
body systems, see Fig. 1 [4–11]. Classical chaos is usually
described in terms of an exponential sensitivity of trajec-
tories to initial conditions [12]. However, the quantum
world precludes any definition of chaos in terms of phys-
ical trajectories due to the Heisenberg uncertainty prin-
ciple. Alternatively, chaos can be defined in terms of the
absence of integrability. Classical Liouville-Arnold inte-
grability is formulated in terms of independent Poisson-
commuting integrals of motion. Again, although there
have been many attempts to characterize quantum inte-
grability in a similar way, no such unique definition exists
[13–16].
In the last two decades, Random Matrix Theory
(RMT) [17–19] has shown outstanding success in the
understanding of quantum chaos. Following the work
of Wigner [20, 21], Bohigas, Giannoni, and Schmit [22]
conjectured that the energy-level statistics of all quan-
tum systems whose classical analogues are chaotic should
show level repulsion and belong to one of three universal
classes depending upon their symmetry: the Gaussian
orthogonal ensemble, the Gaussian unitary ensemble, or
the Gaussian symplectic ensemble. On the other hand,
according to the Berry-Tabor conjecture [23], integrable
systems have uncorrelated energy levels and usually ex-
hibit Poissonian level spacing statistics. These ideas were
later extended to generic quantum systems and tested nu-
merically under the general framework of the eigenstate
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FIG. 1. Signatures of Chaos. Quantum chaos manifests it-
self in a vast range of different phenomena, each relevant up to
a particular system-size dependent timescale. At the earliest
times, where dynamics are limited by the local bandwidth,
one can see the onset of chaos. In systems without spatial
locality this could lead to fast scrambling, allowing one to
identify a Lyapunov exponent. Systems with spatial locality
are further characterized by an additional, so-called, butter-
fly velocity. While this ballistic propagation ends at times
O(L), diffusive dynamics continues up to the Thouless time
O(L2). All local dynamics has now come to a stop, nonethe-
less operators keep spreading over operator space, becoming
increasingly more complex. This process continues for expo-
nentially long times, only stopping at the Heisenberg time
exp(S(L)).
thermalization hypothesis (ETH) [24–29]. By now, the
emergence of the random matrix behavior of quantum
eigenstates is an accepted definition of quantum chaos.
Numerically, two additional steps are required before
one can accurately compare the statistical properties
(e.g. through level statistics or the spectral form fac-
tor [30, 31]) of a particular quantum system with the
predictions of RMT: (1) remove any symmetries; and (2)
rescale the spectrum, setting the local mean level spac-
ing to unity (also called unfolding the spectrum). Firstly,
if symmetries are not removed, energy levels in different
symmetry sectors don’t have any correlations, so that
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2spectra of chaotic systems can show Poissonian distribu-
tions [32, 33]. However, finding all symmetries of a many-
body Hamiltonian is computationally hard without any
physical intuition, since this effectively involves search-
ing for all possible (local) operators that commute with
the Hamiltonian. Secondly, there are various methods
to unfold the spectrum, and it is known that statistics,
especially ones measuring long-range correlations, can be
sensitive to the adopted unfolding procedure [34]. More-
over, the procedure can also exhibit finite-size effects. In
light of these issues, it is advisable rather to use the ra-
tio of two consecutive level spacings [35, 36] or survival
probability (see Ref. [37, 38]).
Here we propose an alternative tool to detect chaos
in quantum systems, based on the rate of deformations
of eigenstates under infinitesimal perturbations. Mathe-
matically, the distance between nearby eigenstates (also
known as the Fubini-Study metric [39–42] ) can be ex-
pressed as the Frobenius norm of the so-called adiabatic
gauge potential (AGP) [39, 43–45], which is exactly the
operator that generates such deformations. It is straight-
forward to show that this norm should scale exponen-
tially with the system size in chaotic systems satisfying
ETH [39]. In this sense, quantum chaos manifests itself
through an exponential sensitivity of the eigenstates to
infinitesimal perturbations, which can be viewed as an
analogue to classical chaos, reflected in the exponential
sensitivity of trajectories to such perturbations. More-
over, unlike standard probes of RMT such as the spec-
tral form factor (see e.g. Ref. [46]) or the closely related
survival probability (see Ref. [37, 38]), as well as level
statistics, which only depend on the eigenvalues of the
Hamiltonian, the AGP norm is sensitive to both the level
spacings and the specific kind of adiabatic deformation
(perturbation).
We find that the norm of the AGP shows a remark-
ably different, and extremely sensitive, scaling with sys-
tem size for integrable and chaotic systems: polynomial
versus exponential. In our method, we do not need to re-
move any symmetries before computing the AGP norm
needed in the analysis of the level spacing distributions
and do not need to average over different Hamiltonians,
which is necessary to analyze the (non self-averaging)
spectral form factor. We show that one can detect chaos
through the sharp crossover between the polynomial and
exponential scaling of the norm. The sensitivity of this
norm to chaotic perturbations is orders of magnitude
greater than that of the aforementioned methods. Using
this approach, we find several, previously-unexpected, re-
sults for a particular but fairly generic integrable XXZ
spin chain with additional small perturbations: i) The
strength of the integrability-breaking perturbation scales
exponentially down with the system size, much faster
than in previous estimates [47, 48]; ii) integrability-
breaking deformations immediately lead to an exponen-
tial scaling of the norm of the AGP, showing that chaotic
perturbations can be already detected in the integrable
regimes; and iii) in the presence of small integrability-
breaking terms, the system can exhibit exponentially
slow relaxation dynamics, which is similar to the slow dy-
namics observed in some classical nearly-integrable sys-
tems like the Fermi-Pasta-Ulam-Tsingou (FPUT) chain
[49–51]. We also find that such relaxation dynamics are
very different for observables conjugate (see Eq. (2) be-
low) to integrable and chaotic directions (perturbations)
of the Hamiltonian. We find similar results for an Ising
model, where the integrability is broken by introducing
a longitudinal field.
The connection with relaxation is not surprising, since
one representation of the AGP is in terms of the long-time
evolution of a local operator conjugate to the coupling.
Hence, our results relate to recent studies of information
propagation through operator growth in quantum many-
body systems [52–54], where chaotic and integrable sys-
tems are again expected to exhibit qualitatively differ-
ent behavior (e.g. in operator entanglement [55, 56] and
Lanczos coefficients [57, 58]). Whereas most of the pre-
vious works focused mainly on short-time effects, here
we effectively focus on dynamics and operator growth
at times that are exponentially long in the system size
(Fig. 1).
II. ADIABATIC GAUGE POTENTIAL
Before proceeding, let us define the adiabatic gauge
potential (AGP) and discuss some of its key properties.
Given a Hamiltonian H(λ) depending on a parameter λ,
the adiabatic evolution of its eigenstates as we vary this
parameter is generated by the AGP as (in units with
~ = 1):
Aλ|n(λ)〉 = i∂λ|n(λ)〉, H(λ)|n(λ)〉 = En(λ)|n(λ)〉.
(1)
Using the Hellmann-Feynman theorem, it is easy to
see that the matrix elements of the AGP between such
eigenstates are given by
〈m|Aλ|n〉 = − i
ωmn
〈m|∂λH|n〉, (2)
where ωmn = Em(λ) − En(λ), ∂λH is the operator con-
jugate to the coupling λ, and we have made the depen-
dence on λ implicit. The diagonal elements of Aλ can be
chosen arbitrarily due to the gauge freedom in defining
the phases of eigenstates. A convenient choice consists
of setting all diagonal elements equal to zero. For sim-
plicity we will assume there are no degeneracies in the
spectrum, but as will be clear shortly, this assumption
is not necessary and does not affect any of the results
below. We define the L2 (Frobenius) norm, also called
Hilbert–Schmidt norm, of this operator as:
||Aλ||2 = 1D
∑
n
∑
m 6=n
|〈n|Aλ|m〉|2, (3)
where D is the dimension of the Hilbert space.
3This expression should scale exponentially with the
system size in chaotic systems satisfying ETH: ||Aλ||2 ∼
exp [S], where S is the entropy of the system [39]. Within
ETH, the off-diagonal matrix elements of local opera-
tors, including ∂λH, scale as 〈m|∂λH|n〉 ∝ exp[−S/2]
[25, 28] while the minimum energy gap between states,
ωmn, scales as exp [−S]. The scaling of individual matrix
elements was already explored in the literature to study
the crossover between chaotic and non-ergodic behavior,
e.g. in the context of disordered systems [59, 60]. As we
will demonstrate, the exponential scaling of the norm of
the AGP can be used to detect the emergence of chaotic
behavior in the system with tremendous (exponential)
precision.
However, Eq. (2) is not particularly convenient: the
norm of the exact AGP can be dominated by the smallest
energy difference between eigenstates, and as such it is
highly unstable and difficult to analyze, especially close
to the ergodicity transition. Accidental degeneracies in
the spectrum that are lifted by ∂λH also cause the norm
to formally be infinite. To resolve this issue, it is conve-
nient to instead define a ‘regularized’ AGP as follows:
〈m|Aλ(µ)|n〉 = −i ωmn
ω2mn + µ2
〈m|∂λH|n〉, (4)
where µ is a small energy cutoff. For the sake of brevity,
we are going to drop the argument µ and unless speci-
fied otherwise Aλ refers to the regularized AGP. This has
a clear physical intuition: instead of considering transi-
tions (matrix elements) between individual eigenstates,
we now only consider transitions between energy shells
with width µ. For eigenstates with |ωmn|  µ, this re-
produces the exact AGP, whereas in the limit |ωmn|  µ,
the AGP no longer diverges but reduces to a constant.
Alternatively, within the operator growth representation
(see Eq. (10) below), µ−1 has the interpretation of a cut-
off time. Numerically, this regularization has the im-
mediate advantage that it gets rid of any problem with
(near-)divergences. Note that µ does not need to be
system-size independent for this. Interestingly, as long as
µ ∝ exp[−S], the norm of the AGP within chaotic sys-
tems should also remain proportional to exp[S]. We can
use this flexibility in defining µ to our advantage, choos-
ing it to be parametrically larger than the level spacing to
eliminate any effect of accidental degeneracies, but still
exponentially small to minimize the deviation from the
exact AGP. We find that choosing µ(L) ∝ L exp[−S(L)],
where L is the system size, is the most convenient choice
(see Appendix A).
From Eqs. (3) and (4) the norm of the regularized AGP
reads
||Aλ||2 = 1D
∑
n
∑
m 6=n
ω2mn
(ω2nm + µ2)2
|〈m|∂λH|n〉|2 (5)
=
∫ ∞
−∞
dω
ω2
(ω2 + µ2)2 |fλ(ω)|
2, (6)
where in the second equation we replaced the summation
with an integration over the energy difference ωmn =
Em(λ)− En(λ) and also defined the response function
|fλ(ω)|2 = 1D
∑
n
∑
m6=n
|〈n|∂λH|m〉|2δ(ωnm − ω) (7)
= 1D
∑
n
∫ ∞
−∞
dt
4pi e
iωt〈n|{∂λH(t), ∂λH(0)}|n〉c,
where {...} stands for the anti-commutator and con-
nected correlation function 〈n|∂λH(t)∂λH(0)|n〉c =
〈n|∂λH(t)∂λH(0)|n〉 − 〈n|∂λH(t)|n〉〈n|∂λH(0)|n〉. For-
mally, this function represents an average over eigen-
states n of the sum of the squares of the off-diagonal
matrix elements |〈n|∂λH|m〉|2 with a fixed energy differ-
ence ωmn = ω, which can also be obtained as the Fourier
transform of the non-equal time correlation function of
∂λH. Within the ETH ansatz, this function exactly co-
incides with the (averaged over eigenstates) square of the
function fλ(ω) introduced by M. Srednicki [25], according
to
〈m|∂λH|n〉 = fλ(ω, E¯)e−S(E¯)/2σmn, (8)
ω = Em − En, E¯ = (En + Em)/2, (9)
with σnm a random variable with zero mean and unit
variance. Recently it was shown that the function
|fλ(ω)|2 remains well defined and smooth in generic in-
tegrable systems [61–63].
Alternatively, it is convenient to rewrite the regularized
AGP as a time integral [64–66]:
Aλ = −12
∫ ∞
−∞
dt sgn(t) e−µ|t| (∂λH) (t), (10)
where sgn(t) is the sign function and
(∂λH)(t) = eiHt(∂λH)e−iHt (11)
is the operator conjugate to the coupling λ in the Heisen-
berg representation. The exponential factor exp[−µ|t|]
can be seen as a particular choice of a filter function in
the context of quasi-adiabatic continuation [67–69]. No-
tably, Eq. (10) remains valid for classical systems [64, 65]
and therefore the scaling of the AGP norm can be used
to detect classical chaos, which we leave for future work.
Further, Eq. (10), makes clear that the inverse of the
parameter µ plays the role of a cutoff time, limiting the
growth of (∂λH)(t) in the operator space. Note that
this time is much longer than the time scales generally
studied in literature (e.g, the time scale characterizing
the ballistic propagation of information tLR = L/vLR,
where vLR is the Lieb-Robinson velocity and L is the
system size)[52–54]. One of the outcomes of our work
is that an exponential sensitivity to detecting the onset
of chaos requires access to exponentially long time scales
(Fig. 1).
III. NUMERICAL RESULTS
We can now compare with results for the AGP in
integrable/non-ergodic models. Specifically, we move to
4the analysis of the norm of the regularized AGP for a
specific integrable XXZ model with open boundary con-
ditions [70–74], whose Hamiltonian is given below:
HXXZ =
L−1∑
i=1
(σxi+1σxi + σ
y
i+1σ
y
i ) + ∆
L−1∑
i=1
σzi+1σ
z
i . (12)
We will now consider the effects of various integrability-
breaking terms. Although the thermodynamics of the
above model can be solved exactly using the Bethe ansatz
[70–74], we still don’t have access to matrix elements of
general local operators 〈n|∂λH|m〉 and the exact AGP
remains out of reach even in the integrable limit. Con-
sequently, there are also no results on the scaling of the
AGP with increasing system size.
For reference, we also analyze an Ising model in the
presence of a longitudinal field whose Hamiltonian is
given below:
HIsing =
L−1∑
i=1
σzi+1σ
z
i + hz
L∑
i=1
σzi + hx
L∑
i=1
σxi . (13)
where open boundary conditions are chosen for the
chaotic Ising model. This model has a trivially-integrable
limit at zero longitudinal field hz = 0, which maps to a
system of free fermions [75]. In this non-interacting (free)
limit, the AGP can be computed analytically [39, 76] (see
Appendix B). In the presence of the longitudinal field,
this model shows aWigner-Dyson type distribution of the
energy level spacings, which is particularly pronounced at
the parameters hx = (
√
5 + 5)/8 and hz = (
√
5 + 1)/4
[77]. We will use these values when computing the AGP
in the chaotic regime.
In Fig. 2, we show the AGP norm scaled by the sys-
tem size ||Aλ||2/L [78] for the interacting XXZ model and
the Ising model both at the chaotic and non-interacting
points. Fig. 2 clearly shows the remarkably different
scalings with system size L for chaotic, integrable and
free models. For chaotic models, the scaled AGP norm
shows the exponential scaling expected from ETH. For
the free model, the scaled norm is system-size indepen-
dent up to exponentially small corrections away from the
critical point (see Appendix B). For the integrable XXZ
model, the scaled AGP norm shows a nontrivial polyno-
mial scaling: ||Aλ||2/L ∝ Lβ . We find that the expo-
nent β is non-universal and depends on the choice of the
anisotropy ∆ (see Appendix D). We have chosen λ = hx
for both the integrable and non-integrable Ising models
and λ = ∆ for the XXZ model.
While the exponential scaling of the AGP norm in the
chaotic regime and the constant AGP norm in the free
model are expected, the polynomial scaling of this norm
of the XXZ integrable model is very interesting and leads
to non-trivial conclusions. Recently, LeBlond et al. [61]
have shown that the matrix elements of local operators
in this integrable model are not sparse (as compared to
the matrix elements of non-interacting integrable mod-
els). The latter implies that Eq. (6) for the AGP norm
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FIG. 2. AGP scaling. The rescaled norm ||Aλ||2/L is pre-
sented as a function of system size for the chaotic Ising model
(yellow triangles), the integrable interacting XXZ model (blue
squares) and the integrable non-interacting Ising model (red
dots). The data corresponding to the chaotic Ising and inte-
grable XXZ models are fitted to an exponential and a linear
function respectively (black lines). For the Ising models we set
λ = hx and for the XXZ model we set λ = ∆. Inset: Rescaled
AGP norm for the free and interacting integrable models on
a linear graph. Parameters: hx = 0.8 for free model, ∆ = 1.1
for integrable model, hx = (
√
5+5)/8 and hz = (
√
5+1)/4 for
chaotic model. ||Achaotic||2 ∼ e0.9L, ||Aint||2 = 0.09L− 0.56.
still applies, where |fλ(ω)|2 can also be found from the
Fourier transform of the symmetric correlation function
(see Appendix C). Since we have chosen µ to be exponen-
tially small in the system size and ||Aλ||2 is polynomially
(not exponentially) large, the function fλ(ω) must vanish
as ω → 0. This behavior is to be contrasted with chaotic
systems where at small ω this function saturates at a
constant value, in agreement with the Random Matrix
Theory [28].
IV. INTEGRABILITY BREAKING
Having established the scaling of the AGP norm in
three different regimes, we will move to the analysis of in-
tegrability breaking by small perturbations and focus on
a more generic XXZ model. As an integrability-breaking
term, we choose a magnetic field coupled to a single spin
in the middle of the chain, acting as a single-site defect,
V = σzd(L+1)/2e, (14)
where d(L+ 1)/2e stands for the smallest integer greater
than or equal to (L + 1)/2. Then we analyze the AGP
for the total Hamiltonian
H = HXXZ + dV, (15)
as a function of the integrability-breaking parameter d.
Interestingly, in Ref. [79] it was argued based on the same
5model that even a single site defect is sufficient to induce
chaos in the thermodynamic limit. In Appendix E, we
analyze an extensive integrability-breaking perturbation
by considering H = HXXZ + ∆2V with V =
∑
i σ
z
i+2σ
z
i
and find the results to be consistent. The similarity be-
tween the effects of local and global perturbations on
spectral properties was also found in Ref. [80].
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FIG. 3. Integrability breaking. The rescaled AGP norm
||Aλ||2/L of a) the XXZ chain with λ = ∆ and b) the Ising
chain with λ = hx. Both models show a sharp crossover
from polynomial to exponential scaling with system size, even
for very small integrability breaking perturbation strengths.
With decreasing perturbation strength, the system size where
this crossover happens increases. Straight lines are the expo-
nential fits with ||Aλ||2/L ∼ eβL, where β = 1.28 for the
XXZ and β = 1.58 for the Ising model. The insets show
the scaling of the crossover point, i.e. the dependence of the
integrability-breaking perturbation on system size. The crit-
ical perturbation strength scales exponentially with system
size, with ∗d ∼ e−0.8L for the XXZ chain and h∗z ∼ e−0.9L for
the Ising chain. Parameters: a) ∆ = 1.1, b) hx = 0.75.
A challenging question is how quickly chaos emerges
when a non-ergodic, or integrable system, is subjected
to an integrability-breaking perturbation. In classical
systems with few degrees of freedom, it is known from
KAM theory that integrable systems are stable against
small perturbations [81–83]. It is widely believed that
quantum chaos is generally induced by infinitesimal per-
turbations in the thermodynamic limit [47, 48, 84, 85],
with the potential exception of many-body localization
[86, 87], although the precise scaling of the critical per-
turbation strength with the system size remains an open
question. A standard limitation of numerical approaches
(using e.g., level statistics or spectral form factor) ad-
dressing this question is the small system sizes amenable
to simulations, where it is possible to reliably extract the
data.
In Fig. 3 a) we show the scaling of the norm of the
AGP as a function of the system size for different per-
turbation strengths d. We choose the zero magnetiza-
tion subspace of the XXZ chain with number of spins up
N↑ = bL/2c, where bL/2c stands for the largest integer
less than or equal to L/2, and for the direction of the
AGP we choose λ = ∆, i.e. as in Fig. 2. For the cutoff,
we choose µ = LD−10 , where D0 is the dimension of zero
magnetization sector. From the figure, we clearly see a
sharp crossover in the scaling of the norm of the AGP as a
function of system size from the integrable power law be-
havior to the chaotic exponential behavior. The straight
lines are obtained by a least squares fit, with the slope
extracted for the largest d and then used for other per-
turbations. After the best fitting parameters were found,
the critical system sizes were obtained for a particular
defect energy at which the integrable (polynomial) and
chaotic (exponential) curves intersect. These values are
shown in the inset of Fig. 3 a), showing a clear exponen-
tial scaling of the critical perturbation strength with the
system size. Interestingly, the slope of the exponential
scaling β ≈ 1.28 is almost twice the slope predicted by
ETH, β = log(2) ≈ 0.69. Notably, the slope of 2 log(2)
is the largest possible growth rate of the AGP norm (see
Appendix C). In the next section we will return to this
point and relate it to the emergence of relaxation times
that are exponentially long in system size.
Consistent results are obtained for the Ising
model (13), where one can consider breaking the
integrability of the transverse field Ising model (hz = 0)
by introducing a small non-zero hz-field, while probing
the integrable direction λ = hx. The results are shown
in Fig. 3 b). As in the XXZ case, we observe a sharp
crossover from the the unperturbed scaling of the
AGP norm (see Fig. 2) to exponential scaling with an
exponent that exceeds the ETH expectation, once again
having implications on the long time relaxation of the
system.
To contrast the scaling of the AGP norm with more
traditional approaches in Fig. 4, we show the mean ratio
of energy level statistics as a function of defect energy
for system size L = 16. Given subsequent energy level
spacings sn = En+1 − En, this ratio is defined as
rn =
min(sn, sn+1)
max(sn, sn+1)
. (16)
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FIG. 4. Energy level statistics. Mean ratio of energy level
spacings 〈r〉 as a function of defect energy d for an XXZ chain
of length L = 16 at anisotropy ∆ = 1.1. The arrow indicates
the value of the defect energy where chaos can be detected
(for L = 16) using the exponential scaling of AGP norm.
For non-ergodic systems and Poissonian level statistics,
〈r〉 ≈ 0.386, whereas for chaotic systems and Wigner-
Dyson statistics 〈r〉 ≈ 0.536. In this model, the average
ratio 〈r〉 shows the crossover from non-ergodic to ergodic
behavior at ∗d ∼ 0.1 [88]. This crossover value of d has a
very weak dependence on the system size. In comparison,
for the same system size L = 16 the AGP norm shows
a clear crossover to chaos for a much smaller ∗d ∼ 10−3
(see Fig. 3 a) ). For larger system sizes, the gap between
the chaos thresholds extracted by these two methods be-
comes even larger. Moreover, we also estimated the crit-
ical perturbation strength using the spectral form factor
for the same system size L = 16. Since this generally
doesn’t self-average [89, 90], we added disorder to the
zz-coupling in the Hamiltonian (Eq. (15)) which reduces
the sensitivity of this probe to detect chaos. From the
spectral form factor we find ∗d ∼ 0.1, a value where the
level statistics is roughly half way between Poisson and
Wigner-Dyson (see Fig. 4). Such a correspondence was
also observed for disordered models in Ref. [46].
We believe that the reason that the AGP norm is
so much more sensitive is that it effectively detects the
change in the differential of the norm with the system
size. The absolute value of the AGP norm at the thresh-
old is still much closer to the integrable value than to
the chaotic one. Such a differential is much harder to
detect using other measures, e.g. the level spacing ratio,
because this crossover is much smoother, and it is harder
to define a sharp threshold.
In Fig. 5 we show similar results, now choosing to de-
form the Hamiltonian in the direction of the integrability-
breaking operator itself, i.e. λ = d for the XXZ chain
and λ = hz for the Ising chain. We choose to work in
the full Hilbert space with dimension D = 2L. We find
that the AGP norm shows exponential scaling even when
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FIG. 5. Integrability-breaking deformation at the inte-
grable point. The AGP norm ||Aλ||2 shows an exponential
scaling at the integrable point for the XXZ chain (squares)
with λ = d and the Ising chain (circles) with λ = hz. The
black lines correspond to exponential fits, i.e. ||Aλ||2 ∼ eβL,
where β ≈ log(2). XXZ Parameters: ∆ = 1.1, d = 0, Ising
Parameters: hx = 0.75, hz = 0.
d = 0, i.e. when the Hamiltonian is integrable. We find
a good fit to the exponential scaling ||Aλ||2 ∼ eβL, with
now β ≈ log(2). Again we confirm that the results remain
the same if we use an extensive integrability-breaking
term instead (see Appendix F).
V. LONG RELAXATION TIMES
We already mentioned a very peculiar fact following
from Fig. 3: namely, instead of the perhaps expected
crossover of the integrable polynomial scaling of the AGP
norm to the ETH exponential scaling with the slope
log(2) the AGP crosses over to the exponential scaling
regime with the slope β = 1.28, which is almost twice as
large as the slope predicted by ETH, β = log(2) ≈ 0.69.
Combining this result with Eq. (6), which we highlight
works in both integrable and nonintegrable regimes, we
conclude that at small ω the function |fλ(ω)|2 should
scale exponentially with the system size. This implies
that the system must have exponentially long relaxation
times, which are known to exist in classical chaotic sys-
tems like the FPUT chain [49–51]. Although we can-
not rule out the eventual relaxation to the ETH value
for system sizes greater than those we have studied, our
results here suggest that, while an exponentially small
perturbation is sufficient to induce chaos in the system,
it takes an exponentially long time for the system to re-
lax to the steady state. In Appendix E, we show that a
similar behavior persists if we break the integrability by
a small extensive perturbation, here chosen as the sec-
ond nearest-neighbor Ising interactions. We found the
same slope of β ≈ 1.28, ruling out that this scaling is
induced by the ultra-local nature of the perturbation in
7Fig. 3 a). As the defect energy is increased further to
large values (in particular, d ∼ 1), we find that the slope
of AGP norm’s exponential growth reduces again to the
ETH value of β ≈ log(2) (see Appendix F).
To make the connection between the AGP norm and
the relaxation time more explicit let us observe that from
Eq. (6) for sufficiently small µ one can make the following
estimate:
||Aλ||2 ∼ |fλ(µ)|
2
µ
. (17)
For integrable directions λ (e.g. λ = ∆ for the XXZ
model) and L > L∗, where the AGP norm has exponen-
tial scaling, the norm becomes
||Aλ||2 ∼ Ceβ(L−L∗), (18)
where C roughly is the value of the unperturbed AGP
norm at L∗. Recall that we observed a scaling of the
critical perturbation strength like d ∼ e−αL∗ , such that
one finds
|fλ(µ)|2 ∼ Cµeβ(L−L∗) ∼ CηdeκL, (19)
where η = β/α, and κ = β − log(2), and we have
neglected all polynomial factors in system size. For
the XXZ model, the exponents are η ≈ 1.6 and κ ≈
0.85 log(2) (see caption of Fig. 3). Because |fλ(ω)|2 is
the Fourier transform of the two-point correlation func-
tion of ∂λH (see (8)), as ω → 0 it is proportional to the
relaxation time of the system. Combining these consid-
erations, we see that for the XXZ model we have
τ ∼ ηdeκL, (20)
with both κ and η of O(1). Similarly, for the Ising
model, τ ∼ hηzeκL where η ≈ 1.8 and κ ≈ 1.28 log(2)
(see caption of Fig. 3). We see that the relaxation time
increases exponentially with the system size. For large
system sizes it can saturate at some L-independent value,
which should diverge as d → 0. This would reflect the
crossover of the scaling of the AGP norm to the ETH
result: ||Aλ||2 ∝ exp[S(L)] = exp[log(2)L]. While this
scenario seems likely, we do not see any signatures for
such a crossover within our numerics and thus cannot
rule out more exotic scenarios for the behavior of the
relaxation time with the system size. Moreover, at inter-
mediate system sizes accessible to our numerics, we see
an extremely stable exponential scaling of the AGP norm
(and hence of the relaxation time), with the exponent β
independent of the strength of the integrability-breaking
perturbation as long as it is sufficiently small. Inter-
estingly, in a follow up work [91] a similar exponential
scaling of the AGP norm with β ≈ 2 log(2) was observed
in a disordered central spin model even in the absence of
any small parameters, i.e. at large integrability-breaking
perturbations. We note that in all the systems analyzed
so far in this regime, β saturates near the maximum al-
lowed value 2 log(2), within numerical precision. From
the point of view of operator spreading, this value is very
reminiscent to the 2 log(2) scaling of the operator entan-
glement entropy in maximally chaotic dual-unitary mod-
els [92]. Whether it is a simple coincidence or there is a
deeper connection remains to be understood.
To illustrate these general considerations about the re-
laxation times we extracted the function |fλ(ω)|2 directly.
Usually it is very difficult to do so at exponentially small
frequencies of interest, since there are very few eigen-
states involved, hence leading to large fluctuations. Here
we computed |fλ(ω)|2 by replacing all the delta-functions
in Eq. (8) with Lorentzians of width µ. In all the figures
µ = L2−L, consistent with the AGP regularization. The
total spectral weight was subsequently computed on a
logarithmically spaced grid. All the figures show the av-
erage spectral weight in each bin.
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FIG. 6. The spectral weight for the integrable per-
turbation. The spectral weight |fλ(ω)|2 for the integrable
perturbation λ = ∆ in the XXZ model at small integrability
breaking perturbation d = 0.05 (solid lines) and at the inte-
grable point d = 0 (dashed lines). The remaining parameters
are the same as in Fig. 3.
In Fig. 6 we show the extracted spectral weight |fλ(ω)|2
for the XXZ model with λ = ∆ for a small integrabil-
ity breaking perturbation d = 0.05 (solid lines) and ex-
actly at the integrable point d = 0 for four different
system sizes L = 12, 14, 16, 18. As predicted from the
AGP scaling, there is a clear exponentially growing spec-
tral weight at small frequencies with an exponentially
shrinking frequency range, where it plateaus. In the in-
tegrable regime, conversely |fλ(ω)|2 is exponentially de-
creasing with the system size, approaching zero in the
thermodynamic limit.
To contrast this behavior of the spectral function with
the other two regimes where the AGP norm shows expo-
nential scaling with β = log(2), in Fig. 7 we show |fλ(ω)|2
in such regimes. The top plot shows the |fλ(ω)|2 for
the nonintegrable perturbation λ = d at the integrable
point of the XXZ model d = 0. While the bottom plot
corresponds to the perturbation λ = ∆ at the strongly
810-4 10-2 100
10-4
10-3
10-2
10-1
100
Frequency
S
p
ec
tr
al
 F
u
n
ct
io
n
L=12 L=14 L=16 L=18
10-4 10-2 100
10-4
10-3
10-2
10-1
100
101
102
Frequency
S
p
ec
tr
al
 F
u
n
ct
io
n
L=12 L=14 L=16 L=18
FIG. 7. The spectral weights for the non-integrable
perturbation. The spectral weight |fλ(ω)|2 for the non-
integrable perturbation λ = d in the XXZ model at the in-
tegrable point d = 0 (top) and for the perturbation λ = ∆
at the strongly non-integrable point, i.e. in the ETH regime,
d = 0.5 (bottom). The remaining parameters are the same
as in Fig. 6.
nonintegrable point d = 0.5 where the system satisfies
ETH [32, 62].
VI. DISTINGUISHING BETWEEN
INTEGRABLE AND ETH REGIMES
The AGP clearly depends on both the Hamiltonian H
and the direction along which it is deformed, i.e. ∂λH.
In the previous sections, we argued that generic pertur-
bations in chaotic systems lead to an AGP norm scal-
ing exponentially with system size, whereas in integrable
models integrability-preserving perturbations lead to an
AGP norm scaling polynomially. This scaling is directly
reflected in the relaxation times of ∂λH through its prob-
ing of the zero-frequency limit of |fλ(ω)|2. However, in
specific cases, polynomial scaling of the gauge potential
can also be observed in chaotic systems.
In particular, there is a special class of operators which
can be represented as K = i[H,B], where B is a local
operator or a sum of local operators. A current can,
e.g., be represented in this way as B =
∑
i i ni, where
ni is the conserved charge; ni = σiz for the XXZ model.
For such operators Aλ = B by construction, and the
AGP will have a polynomial norm irrespective of whether
the system is integrable or chaotic. For such operators
|fλ(ω)|2 must also vanish at ω → 0, consistent with re-
cent numerical results [62]. On a related note, see [93].
Physically, this non-divergence of the AGP, even in the
chaotic systems satisfying ETH, simply follows from the
fact that deforming the Hamiltonian with the operatorK
is a symmetry transformation, which does not change the
spectrum of the Hamiltonian, but simply transforms the
eigenstates with the unitary operator U = exp(−iλB).
When checking for quantum chaos, such deformations
can be explicitly excluded when probing the scaling of
the gauge potential.
While the existence of nontrivial deformations with
polynomial scaling of the AGP norm is an indicator of
integrability, generic integrability-breaking perturbations
give rise to exponential scaling, in which case the specific
dependence on µ offers further information. Note that
this also implies the existence of a family of integrable
models, excluding more exotic ‘isolated’ integrable sys-
tems where every possible perturbation breaks integra-
bility.
In the previous section, the scaling of the AGP norm
was the same as one would expect from ETH, even
though at d = 0 the system is integrable and ETH is
clearly violated. The non ETH-behavior can be seen,e.g.,
in large eigenstate-to-eigenstate fluctuations of the ex-
pectation value of σzd(L+1)/2e [63]. For this perturbation
the scaling of the AGP with the system size simply tells
us that |fλ(ω)|2, which remains well-defined in such mod-
els, saturates to a nonzero constant at small ω, as con-
firmed directly in the previous section. Similar to the
usual matrix elements of observables, the information
about the integrability of the system is now contained
in the statistical properties of the AGP norm.
More specifically, for random matrix ensembles the sta-
tistical properties of the fidelity susceptibility (equiva-
lent to the contributions to the AGP norm for individual
eigenstates) were analyzed in Ref. [94], where the distri-
bution for different eigenstates is considered. The fidelity
susceptibility zn,λ of an eigenstate |n(λ)〉 is equivalent to
zn,λ ≡ 1D〈n|Aλ
2|n〉c ≡ 1D
∑
m6=n
|〈n|Aλ|m〉|2, (21)
such that ||Aλ||2 =
∑
n zn,λ.
Let us briefly present a simple derivation of the tail of
this distribution and then contrast the AGP distribution
for integrable and ETH regimes. The tail of this distri-
bution for typical (random) perturbations will be domi-
nated by contributions from neighbouring energy levels,
9such that its distribution will be inheriting its properties
from the level spacing distribution.
Recall that the exact AGP norm with µ = 0 is given
by Eqs. (2) and (3). For a typical perturbation we can
replace the numerator of Eq. (2) with a random matrix
such that typical matrix elements are of order 1/
√D (see
(8)). The tail of the distribution for large zn,λ is domi-
nated by nearby energy levels and we can approximate
zn,λ ≈ C
s2n
, (22)
where sn is the level spacing En+1 −En now normalized
by the Hilbert space dimension (such that the mean value
of s is unity) and C is an unimportant constant, which we
can set to one. The scaling of the probability distribution
at large zλ follows as
Pr(zλ = x) ∼ 1
x3/2
P
(
1√
x
)
, (23)
where P (s) is the normalized nearest-neighbour level
spacing distribution.
For integrable systems there is no level repulsion,
P (s→ 0) 6= 0, and we have (to dominant order)
Pr(zλ = x) ∝ x−3/2, (24)
for x  1. Note that, as a consequence of this fat tail,
the mean AGP diverges without regularization. The reg-
ularization with µ in the norm of the AGP effectively
introduces a cutoff to the energy denominator at the
rescaled cutoff µ¯ = µD. Assuming that the AGP norm
is dominated by the contributions zn,λ for which the
derived scaling holds, we can say that the average fi-
delity susceptibility is given by 〈zλ〉 ∝ 1/µ¯, and hence
||Aλ||2 = D 〈zλ〉 ∼ D/µ¯. This agrees with the ob-
served scaling shown in Fig. 5. On the other hand,
chaotic systems satisfying ETH exhibit level repulsion
and P (s) ≈ sβ , resulting in Pr(zλ = x) ∝ x−(3+β)/2
at large values of x. For the considered Ising and XXZ
model, the relevant random matrix ensemble is Gaussian
orthogonal ensemble (GOE), for which β = 1 and
Pr(zλ = x) ∝ x−2. (25)
In contrast to the integrable model, the mean 〈zλ〉 ∼
− log(µ¯2) diverges only logarithmically with the cutoff.
These simple scaling arguments agree very well with nu-
merical observations shown in Fig. 8.
From this analysis, we can conclude that choosing a
fixed µ ∼ 1/D leads to the same scaling of the AGP
norm with the Hilbert space dimension for the integrable
model with a chaotic deformation λ and for the ergodic
ETH model. However, these two limits can still be distin-
guished by either the different scaling of the AGP norm
with the cutoff µ or, equivalently, by the presence of an
exponential-in-system-size difference between the typical
and the average contributions of individual states to the
AGP norm in the former (integrable) regime and the lack
of such exponential difference in the latter (ETH) regime.
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FIG. 8. AGP norm distribution. Distribution of the
eigenstate contributions zλ to the rescaled AGP norm (see
Eq. (22)) for the XXZ model with L = 16 spins. The two
curves describe the results for the non-integrable perturba-
tion λ = d at the integrable point d = 0 (blue) and for
the perturbation λ = ∆ at the strongly non-integrable point
d = 0.5 (yellow). Black lines show the expected scalings
z
−3/2
λ and z
−2
λ for the integrable and non-integrable model
respectively.
VII. CONCLUSIONS
We found that the properly-regularized norm of the
adiabatic gauge potential, the generator of adiabatic de-
formations, can serve as an extremely sensitive probe
of quantum chaotic behavior. Within chaotic systems,
this norm scales exponentially with system size, whereas
it scales polynomially in interacting integrable systems
and is approximately system-size independent in non-
interacting systems for adiabatic deformations preserving
integrability. For adiabatic deformations breaking inte-
grability, exponential scaling is generally observed.
Using the present method to investigate the effects of
an integrability-breaking perturbation on the XXZ and
Ising chains, we found that perturbations that are ex-
ponentially small in system size suffice to induce chaotic
behavior. We also found that such a small integrability-
breaking term leads to anomalously slow dynamics along
the integrable directions, with the relaxation time scal-
ing exponentially with system size. Such integrability-
breaking perturbations can also be detected at the inte-
grable point, where no anomalous dynamics occur. Even
though typical perturbations show exponential scaling of
the regularized norm of the adiabatic gauge potential, re-
gardless of whether the system is integrable or not, one
can distinguish the two cases by their dependence on the
regularization parameter or by their fluctuations.
This motivates the use of the adiabatic gauge potential,
which is connected with both deformations of eigenstates
and operator dynamics, as a sensitive probe into either
chaotic or integrable behavior of quantum many-body
systems.
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Appendix A: Cutoff scaling with system size
Unless stated otherwise, in all calculations we have
chosen a cutoff µ = LD−1, where D is the dimension
of the Hilbert space. The prefactor L has been chosen to
remove the logarithmic correction coming from the zero-
frequency contribution of |f(ω = 0)|2 = L in chaotic
models (see Appendix C). This can also be motivated
by plotting the AGP norm and comparing it w.r.t. dif-
ferent choices of cutoff. We first study this norm close
to chaotic-integrable transition point and then later de-
scribe its effect deep in the chaotic regime.
When we are close to the chaotic-integrable transition
point and the cutoff is too small (e.g. µ = L−1/2D−1),
then we find that the AGP norm is too sensitive to the ex-
ponentially close eigenstates, showing a non-smooth ex-
ponential scaling, which makes it hard to draw any con-
clusions (see Fig. 9 a) ). On the other hand, if the cutoff
is too large (e.g. µ = L2D−1), then the AGP norm, al-
beit smooth, is no longer sensitive to the small strength
of integrability-breaking perturbation(see Fig. 9 b)). In
Fig. 9 c) with µ = LD−1 , we find that the rescaled AGP
norm shows an exponential scaling that is both appropri-
ately smooth and exponentially sensitive to integrability-
breaking perturbations.
Deep in the chaotic (ergodic) phase, we find that the
numerically-obtained scaling for the norm of the AGP is
almost the same for the different choices of cutoff scaling
we studied.
Appendix B: Derivation of AGP for the free model
As shown in Refs. [39, 76], the AGP for changing the
transverse field hx in a free Ising model with periodic
boundary conditions is given by
Ah =
L∑
l=1
αlOl, (B1)
where the operators Ol are given by the following Pauli
string operators
Ol =
L∑
j=1
(σxj σzj+1 . . . σzj+l−1σ
y
j+l+σ
y
j σ
z
j+1 . . . σ
z
j+l−1σ
x
j+l),
(B2)
and the coefficients αl are given by
αl = − 14L
pi(L−1)/L∑
k=0
sin(k) sin(lk)
(cos k − hx)2 + sin2 k
. (B3)
The norm of the AGP follows as
||Ah||2 = 12L Tr
[A2h] = 2L L∑
l=1
α2l , (B4)
where Tr [OlOp] = 2L+1L was used since all strings of
Pauli matrices are trace-orthogonal. The above expres-
sion was used to compute the AGP norm for the free
model in Fig. 2 in the main text.
To obtain the scaling with system size, we can use the
analytical expressions of αl for large enough system sizes
[39], i.e. αl = h−l−1x in the paramagnetic phase where
h2x > 1. Using this, we find that
||Ah||2 ∼ 1
h2x(h2x − 1)
L(1− e−2L loghx). (B5)
Recall that the correlation length in the transverse field
Ising model ∼ 1/ log hx.
Appendix C: AGP bound
Recall that the norm of the AGP can be expressed as
||Aλ||2 =
∫
dω
ω2
(ω2 + µ2)2 |fλ(ω)|
2, (C1)
with
|fλ(ω)|2 = 1D
∑
n
∑
m 6=n
|〈n|∂λH|m〉|2δ(ωnm − ω), (C2)
and ωnm = En − Em. It follows directly from eq. (C1),
and x2/(x2 + 1)2 ≤ 1/4, that
||Aλ||2 ≤ 14µ2
∫
dω |fλ(ω)|2 = ||∂λH||
2
4µ2 (C3)
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FIG. 9. Effects of regularization. Size dependence of the rescaled AGP norm ||Aλ||2/L for different choices of scaling for the
cutoff µ close to chaotic-integrable transition point: a) When µ = L−1/2D−10 , where D0 is the dimension of zero magnetization
sector, the variation of the norm with system size is noisy. b) When µ = L2D−10 , the norm, albeit smooth, is no longer
very sensitive to small integrability-breaking perturbations and c) When µ = LD−10 , the norm is both appropriately smooth
and exponentially sensitive to integrability-breaking perturbation Model: XXZ chain with defect in the middle (Eq. (15)).
Parameters: ∆ = 1.1, λ = ∆
Consequently, for any local perturbation the norm of the
regularized AGP – where we set µ ∼ L2−L – can’t grow
faster than 4L. Not only does it appear that this bound
is saturated when probing integrable direction ∂λH in
models in which the integrability is weakly broken, it
further implies that those observables ∂λH take exponen-
tially long to relax. Indeed, the above scaling can only
be achieved by effectively having |fλ(µ)|2 ∼ 2L. Yet, the
total spectral weight,
∫
dω |fλ(ω)|2, is only polynomially
large in the system size, implying that the corresponding
spectral weight must be localized in a region ∆ω ∼ 2−L.
Combined with expression (8), the latter implies ∂λH(t)
takes exponentially long to relax to equilibrium.
For interacting integrable models we found ||A||2 ∼
Lβ , where the exponent β is non-universal. Since the
norm is not exponential in system size, the function
|fλ(µ)|2 ∼ 2−L. This means that the function should
vanish in the zero frequency limit, which implies oscilla-
tory dynamics of the observable ∂λH(t).
Appendix D: Effects of the anisotropy in the XXZ
model.
In this Appendix, we will again consider the XXZ
Hamiltonian (Eq. (12)):
HXXZ =
L−1∑
i=1
(σxi+1σxi + σ
y
i+1σ
y
i ) + ∆
L−1∑
i=1
σzi+1σ
z
i , (D1)
where ∆ is the anisotropy, and we take ∆ = λ as the
adiabatic deformation, but now at different values of ∆.
We find that the slope of the AGP norm depends non-
trivially on ∆ (Fig. 10).
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FIG. 10. Anisotropy. Rescaled AGP norm ||A∆||2/L for
the XXZ chain at different values of the anisotropy ∆.
Appendix E: NNN interactions in the XXZ chain
In the main text, we studied the effect of strictly local
integrability-breaking operator (whose support is a single
site). Looking into the effects of the locality, we here
study an extensive integrability-breaking operator. We
add a next-nearest-neighbor (NNN) interaction to the
XXZ chain, with Hamiltonian given as:
HNNN = HXXZ + ∆2
L−2∑
i=1
σzi+2σ
z
i , (E1)
The above model is chaotic for large enough ∆2 [32]. We
choose λ = ∆ (Fig. 11) and λ = ∆2 (Fig. 12). In
the limit ∆2 → 0, when the above Hamiltonian (eqn.
E1) is integrable, the former (latter) is the integrability-
preserving (breaking) direction. As shown in Figs. 11 and
12
12, results are similar as for the strictly local perturbation
studied in the main text. This implies our results are
robust to the nature of the adiabatic deformation.
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FIG. 11. Integrability breaking through NNN inter-
action: Rescaled AGP norm ||Aλ||2/L with λ = ∆ of the
XXZ chain at ∆ = 1.1 shows a sharp crossover from poly-
nomial to exponential scaling with system size, even for very
small perturbation strengths ∆2. As ∆2 decreases, the sys-
tem size where this crossover happens increases. Straight lines
are the exponential fits with |Aλ||2/L ∼ e1.28L. Inset: The
integrability-breaking defect energy scales exponentially with
system size, i.e. ∆∗2 ∼ e−0.9L. This is calculated for the
symmetry sector with zero magnetization.
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FIG. 12. Integrability-breaking deformation. Rescaled
AGP norm ||Aλ||2/L for the XXZ chain at ∆ = 1.1 with
λ = ∆2. This is calculated for the full Hilbert space, not in
any specific symmetry sector.
Appendix F: Universal slope of the AGP norm
Here we study the AGP norm in the XXZ chain in the
limit when the magnitude of the integrability-breaking
perturbation (either the local defect energy d or the
NNN interaction strength ∆2) is of the same magnitude
as the ∆/J energy scale. In this limit, we find that the
AGP has an exponential scaling with system size char-
acterized by an almost universal slope β ≈ log 2, which
is close to the one predicted by ETH. Details about the
model and its parameters are given in the caption of Fig.
13.
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FIG. 13. Universal slope at large integrability-
breaking strengths. Rescaled AGP norm ||Aλ||2/L for
different models: A) Model: XXZ chain with NNN inter-
action (eqn. E1). a) λ = ∆ and b) λ = ∆2. Parameters:
∆ = 1.1,∆2 = 1. B) Model: XXZ with defect in the middle
(eqn. 15). a) λ is chosen as ∆. Inset: AGP norm ||Aλ||2 for
XXZ with defect in the middle model where λ is chosen as d.
Parameters: d = 1,∆ = 1.1. This is calculated for the full
Hilbert space, not in any specific symmetry sector.
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